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Abstract 
G6mez Pardo, J.L. and P.A. Guil Asensio, Morita dualities associated with the R-dual functors, 
Journal of Pure and Applied Algebra 93 (1994) 179-194. 
We study the dualities induced by a ring R such that every finitely generated submodule of E(,R) is 
torsionless (left QF-3” rings) and use them to obtain new information about these rings. The 
left-right symmetry of this condition is characterized in terms of a linear compactness property, and 
we use this fact to study QF-3” rings with certain chain conditions. In particular, we show that 
a QF-3” maximal quotient ring with ACC or DCC on essential left ideals is left artinian and QF-3. 
Introduction 
In the study of QF-3 rings, the rings R such that every finitely generated submodule 
of the injective envelope E(,R) is torsionless (we will then say that R is a left QF-3” 
ring) arise in a natural way, for if R is a left artinian left QF-3” ring, then R is already 
a (two-sided) QF-3 ring and, more generally, Masaike [19] proved that a ring R has 
a semiprimary QF-3 two-sided maximal quotient ring if and only if it is left QF-3” 
with DCC on left annihilators. The relation between (left) QF-3” rings and the 
flatness of the injective hulls E(,R) and E(RR) has also been recently investigated in 
[12, 14, 151. 
On the other hand, Colby and Fuller developed in [4,5] a theory of Morita duality 
for Grothendieck categories and they proved that, assuming the existence of reflexive 
generators, these dualities are induced by QF-3’ rings, i.e., by rings R such that 
both E(,R) and E(R,) are torsionless. A different (and nonequivalent, cf. [l l] ) 
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generalization of Morita duality to Grothendieck categories was proposed by Anh 
and Wiegandt in [2], and here we show that, roughly speaking, QF-3” maximal 
quotient rings are to Anh-Wiegandt dualities what QF-3’ maximal quotient rings are 
to ColbyyFuller dualities. This allows us to use duality theory to obtain new informa- 
tion about such rings. For instance, we determine when they are QF-3 in terms of the 
quotient categories involved in the duality. 
After we completed the first version of this paper, our attention was drawn to the 
preprint [25], in which Ohtake studies dualities between Giraud subcategories of 
finitely closed subcategories of module categories. He shows that these dualities are 
induced by certain bimodules whose most characteristic property is that they are 
QF-3” objects in suitable abelian categories (they were introduced with the name of 
QF-3 objects in [24] ). Since a (left) QF-3” ring in our sense is just a QF-3” object of 
the abelian category of all submodules of finitely generated (left) R-modules, our 
Theorem 1.5 can also be proved using Ohtake’s results, as it is shown in [25]. 
An important tool in the study of Morita duality for Grothendieck categories is the 
concept of linear compactness (see e.g. [2, 111). In this way, we show in Theorem 2.2 
that a left QF-3” maximal quotient ring R is right QF-3” if and only if it is linearly 
compact in the quotient category R-Mod/g where 9 denotes the Lambek localizing 
subcategory of R-Mod. This can be regarded as a generalization of the fact that the 
property of being QF-3” is left-right symmetric for noetherian rings and also of 
Masaike’s result mentioned above, that shows that symmetry exists under DCC on 
left annihilators. As a consequence of this fact, we can prove that QF-3” maximal 
quotient rings arise as the endomorphism rings of linearly compact generators and 
self-cogenerators of Grothendieck categories, thus extending to QF-3” rings the 
characterization of QF-3 maximal quotient rings given by Ringel and Tachikawa in 
[26]. Among the applications of these results we mention that, using the linear 
compactness condition, we prove in Theorem 2.8 that a QF-3” maximal quotient ring 
with either ACC or DCC on essential left ideals is left artinian and QF-3. 
Preliminaries and notation 
Throughout this paper, R denotes an associative ring with identity and R-Mod 
(Mod-R), the category of left (resp. right) R-modules. A right adjoint pair 
D : d % d’: D’ between abelian categories d and d’ consists of contravariant fun- 
ctors D and D’ with natural isomorphisms r~~,~,: Hom,(A,D’A’) + Hom,(A’,DA) 
for each A E d and A’ E d’. Associated with ?*,A> there are arrows of right 
adjunction c : 1, + D’o D and CJ’ : l,, + Do D’ defined by crA = r~A,&(l~~) and 
rJa, = ~~,~),~,(l~,~,), respectively. 
An object A of cc4 (A’ of &‘) is said to be reflexive in case gA (resp. CJ~,) is an 
isomorphism. D and D’ define a Morita duality in the sense of Anh-Wiegandt if there 
are finitely closed (i.e. closed under subobjects, quotients and finite direct sums) and 
generating (i.e., containing a generating set) full subcategories Y and 9” of & and d’, 
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respectively, consisting of reflexive objects and such that DY = 9” and D’9” = 9’. 
We will say that the duality has reflexive generators if Y and Y’ contain generators of 
d and d’, respectively. When the full subcategories d0 and J&, of all the reflexive 
objects of d and d’ satisfy the conditions stated above for Y and Y’ and the functors 
D and D’ are exact, then we have a Morita duality in the sense of Colby-Fuller. 
An important example of a right adjoint pair is given by the R-dual functors 
Hom(-, RR) and Hom(-, RR) which will be (both) denoted, as usual, by (-)*; and their 
composition (in either order), by (-) **. The modules that are reflexive with respect to 
this adjoint pair are called just reflexive and the R-cogenerated modules are also 
called torsionless. A useful fact, which is not difficult to prove, is that, when R is 
a (two-sided) maximal quotient ring, the images of the R-dual functors are contained 
in the quotient categories R-Mod/g and Mod-R/g’ and hence they induce a 
contravariant adjoint pair between these categories. 
Recall that a ring R is left QF-3 when it has a minimal faithful left module, i.e., 
a faithful module which is a direct summand of every faithful module. Also, R is left 
QF-3’ when the injective envelope E(,R) is torsionless and, if every finitely generated 
submodule of E(,R) is torsionless, we will say that R is left QF-3”. If R is left and right 
QF-3”, we will simply say that R is a QF-3” ring and a similar convention will be used 
for other classes of rings. For instance, R is a maximal quotient ring when it is its own 
(two-sided) maximal quotient ring. The left (resp. right) maximal quotient ring of 
R will be denoted by Q&_(R) (resp. Q;_(R)). As in [4] we will follow for the 
endomorphism ring of an object A of a Grothendieck category & the established 
custom for left modules, so that we let End&(A) = Hom,(A, A)opp. Associated with the 
filter of dense left ideals of R [30, p. 1491, there is a localizing subcategory 9 of 
R-Mod, called the dense (or Lambek) localizing subcategory; the dense localizing 
subcategory of Mod-R will be denoted by $Y. 3 is said to be exact when the inclusion 
functor R-Mod/g + R-Mod is exact. A left R-module M is called almost finitely 
generated if it contains a finitely generated dense submodule. We refer to [l, 301 for all 
the undefined notions used in the text. 
1. QF-3” rings and Morita dualities 
We start by showing that, in a way similar to [S, Theorem 11, left QF-3” rings can 
be characterized in terms of the double dual functor (-)** : R-Mod + R-Mod. In the 
noetherian case this has been observed in [14, 151. 
Theorem 1.1. Let R be a ring. Then the following conditions are equivalent: 
(i) R is left QF-3”. 
(ii) If i: L + M is a monomorphism in R-Mod with M jinitely generated, then 
Coker i* E 9’. 
(iii) Zf i: L + M is a monomorphism in R-Mod with M (or M and L) jinitely 
generated, then i** is a monomorphism. 
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Proof. (i) => (ii) Let i : L + M be a monomorphism in R-Mod with A4 finitely gen- 
erated and assume that Hom,(Coker i”, E(R,)) # 0. Then there exists an R- 
homomorphism cp: L* --) E(R,) such that cp # 0 but cp 0 i* = 0. Let f E L* be such 
that q(f) # 0. Since R, is essential in E(R,), there exists an r E R such that 
0 # cp(f)r = cp(fr) E R and hence, replacing f by +, we may assume that f E L* 
satisfies that 0 # q(f) E R. We then have a commutative diagram in R-Mod, 
I 
L-M 
4 I9 
R- E(,R) 
in which g is obtained by injectivity of E(,R). Let X = R + Im g s E(R R). Then X is 
finitely generated and, hence, torsionless so that, calling u: R -+ X to the canonical 
inclusion, we have that there exists h :X + RR such that (h 0 u)(cp(f)) # 0. But then, if 
we define v: M + X by v(m) = g(m) for each m E M, we have that cp(h 0 v 0 i) = 
cpoi*(hov) = 0, while on the other hand cp(houoi) = cp(houof) = cp(f.(hou)(l)) = 
q(f).(hou)(l) = (hou)(cp(f)) # 0, contradiction. 
(ii) *(iii) This is clear. 
(iii) a(i) Assume now that the parenthetical version of (iii) holds. Let then X be 
a finitely generated submodule of E(,R) and consider the canonical inclusion 
i: RR -+ X + RR = Y. We get a commutative diagram in R-Mod, 
I 
R-Y 
UR 
I i** I 
“Y 
R**- y** 
in which cR is an isomorphism and i**, a monomorphism. Since R is essential in Y, 
we get that dy is also a monomorphism, which means that Y, and hence X, is 
torsionless. 0 
Since by [19, Lemma 21 a ring R is QF-3” if and only if Q = Q,_(R) is a QF-3” 
maximal quotient ring, we are going to consider QF-3” maximal quotient rings. We 
begin by showing that, when R is a left maximal quotient ring, the characterization 
given in Theorem 1.1 can be refined somewhat. 
Lemma 1.2. Let R be a left QF-3” left maximal quotient ring. Then every almost finitely 
generated submodule of E(,R) is torsionless. 
Proof. Let X be an almost finitely generated submodule of E(RR) and Y c X, 
a finitely generated dense submodule of X. Let 2 G E(RR) be the R-rational comple- 
tion of X, which is also the R-rational completion of Y. Since R is left QF-3”, Y is 
torsionless and we have an embedding of Y in R’ for some index set I, which shows 
that the R-rational completion Z of Yembeds in the R-rational completion of R’. But, 
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since R is a left maximal quotient ring, we can check that the left R-rational 
completion of R’ is R’ itself and so we see that Z, and hence X, is torsionless. 0 
Corollary 1.3. Let R be a left maximal quotient ring. Then the following conditions are 
equivalent: 
(i) R is left QF-3”. 
(ii) For every monomorphism i: L -+ M in R-Mod, with M almost finitely generated, 
Coker i* E 9’. 
Proof. We only have to modify the proof of Theorem 1.1 to show that (i) 3 (ii) holds. 
Observing that the class of almost finitely generated modules is closed under quotients 
and finite direct sums, we see that, with the notation of Theorem 1.1, X is an almost 
finitely generated submodule of E( RR). Therefore, X is torsionless by Lemma 1.2 and 
the proof is finished as in Theorem 1.1. 0 
It is well known that over a quasi-Frobenius ring R, a left R-module is reflexive 
(with respect to the R-dual functors) if and only if it is finitely generated. In our 
situation we obtain an extension on this result. Observe that if R is a left maximal 
quotient ring, every reflexive left R-module is R-rationally complete. Conversely, we 
have the following: 
Proposition 1.4. Let R be a QF-3” maximal quotient ring. Then every almost jinitely 
generated R-rationally complete module is rejexive. 
Proof. Let RX be an almost finitely generated R-rationally complete module. We first 
show that RX is torsionless. Since RX is %torsionfree, it is cogenerated by E(,R) and, 
if u : X + E(,R)’ is a monomorphism (for some index set I) and pi : E(,R)’ + E( RR) 
denote the canonical projections, we see that X is in fact cogenerated by the images 
{Pi(“(x))}isI. s’ mce each pi(U(X)) is an almost finitely generated submodule of E(,R) 
and R is a left QF-3” left maximal quotient ring, we see by Lemma 1.2 that each 
pi(u(X)) is torsionless and, hence, it follows that X is also torsionless. 
Finally, in order to show that X is reflexive, consider an epimorphism in R-Mod/g, 
p: R” -+ X, for some n 2 0 (i.e. an R-homomorphism such that Coker p E 9). We get 
in R-Mod/g a commutative diagram, 
R”PX.Q 
in which p** IS an epimorphism in R-Mod/g by Theorem 1.1 (we use here the fact that 
R is right QF-3”). Thus, since gR” is an isomorphism, we obtain that ox is an 
epimorphism in R-Mod/s. But, as X is torsionless, cx is in fact an isomorphism. 0 
184 J.L. Gbmez Pardo, P.A. Guil Asensio 
Remark. The determination of the reflexive modules over generalizations of QF rings 
has a rich tradition, beginning with Morita [22], who determined the finitely gener- 
ated reflexive modules over a right artinian QF-3 ring and continuing with Masaike 
[20], who characterized the reflexive modules over a QF-3 ring with ACC (or DCC) 
on left annihilators. Thus, it might be interesting to find all the reflexive modules over 
a QF-3” maximal quotient ring. Observe that the condition of being a maximal 
quotient ring cannot be dropped in Proposition 1.7. For instance, Z is a QF-3” ring 
and &J is an almost finitely generated Z-rationally complete Z-module that it is not 
Z-reflexive (nor torsionless). 
We are now ready to establish the first connection between QF-3” rings and Morita 
dualities (cf. also [25]). 
Theorem 1.5. Let R be a QF-3” maximal quotient ring. Then the R-dual jiinctors induce 
a Morita duality in the sense of Anh-Wiegandt with reflexive generators between 
R-Mod/g and Mod-R/g. 
Proof. Let Y and 9’ be the smallest finitely closed full subcategories of R-Mod/g 
and Mod-R/9 that contain all the almost finitely generated R-rationally complete 
modules (i.e., all the finitely R-generated objects of R-Mod/9 and Mod-R/g’, res- 
pectively); they consist of all the subobjects of finitely R-generated objects of these 
categories and are generating. If we consider the functors D = Horn&, R): R- 
Mod/9 + Mod-R/g and D’ = Hom,(-, R) : Mod-R/9 ’ + R-Mod/$@, they are 
adjoint on the right and, hence, left exact. Further, if 0 + X LY 52 + 0 is an exact 
sequence in R-Mod/9 with Y finitely R-generated, it follows from Corollary 1.3 that 
Di is an epimorphism in Mod-R/g (and similarly for D’). Then it is clear that 
DY = Y’ and D’Y’ = 9’ and that if 0 + X 5 Y 52 --) 0 is an exact sequence as 
before, we have a commutative diagram in R-ModJ9, 
o- X-2 Yp’ z-o 
I UX I OY I “Z 
O- D’DX- D’DY- D’DZ---+O 
where dy and ez are isomorphisms by Proposition 1.4, so that ox is also an isomor- 
phism and, hence, every object of Y (and similarly of 9’) is reflexive with respect to 
this right adjoint pair. Thus we have the required Morita duality. 0 
We are now going to consider some applications to (two-sided) QF-3” rings using 
the duality results we have just obtained. Recall that a ring R is right Kasch if 
R cogenerates all simple right R-modules. We do not know whether a QF-3” right 
Kasch ring is already PF; from the proof of the following corollary it follows that this 
would be indeed the case if left self-injective right Kasch rings were PF. A condition 
which forces R to be PF in this situation is the existence of a minimal dense left ideal 
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or, equivalently, the closure under products of the class 9 (cf. [30, Proposition 
VI.6.11]), for we have the following: 
Corollary 1.6. Let R be a QF-3” right Kasch ring such that 9 is closed under products. 
Then R is PF. 
Proof. We know from Theorem 1.1 that if i: L + M is a monomorphism in R-Mod, 
with M finitely generated, then Coker i* E 9’. Since R is right Kasch, 9’ = (0) 
and hence i* is an epimorphism, so that R is left self-injective. Furthermore, R 
is semiperfect as a consequence of [S, Theorem 1.51. Thus R has a decomposition 
R = @YE 1 Rei, where each Ret is an indecomposable injective module. Let Si be 
a simple quotient of the right ideal eiR. Then, since R is right Kasch, Si is torsionless 
and, as R is left self-injective, we see that Si is indeed reflexive. If we call Ui = Sr, it 
follows from Theorem 1.5 that Ui is a simple object of R-Mod/g contained in Rei. 
This means that each proper quotient of Ui is g-torsion and, hence, annihilated by the 
minimal dense left ideal I of R. Then IUi is and, hence, annihilated by the minimal 
dense left ideal I of R. Then ZUi is simple, for any proper quotient X satisfies that 
IX = 0 and, since I is idempotent, this implies that X = 0. Thus we see that R has 
essential left socle and so R is left PF by [16, Theorem 12.521. In particular, this 
implies that R is left Kasch and, by symmetry, we see that R is PF. 0 
Recall that a left R-module P is called a dominant module in case RP is a finitely 
generated projective module and Ps cogenerates all the simple right S-modules, where 
S = End(,P). Kato proved that, if Q = Qtar(R) is the right maximal quotient ring of 
R, then Q has a dominant left module if and only if Mod-R/g is equivalent to 
a category of modules (see [18] ). It has been shown in [lo, Corollary 61 that the QF-3 
rings are precisely the QF-3’ rings with a dominant left R-module. If we only assume 
that R is QF-3” instead of QF-3’, we cannot hope to obtain a similar result as it is 
shown by the QF-3” ring R = 0” z 
C > 
which is not QF-3’. However, for maximal 
quotient rings, we have the following result that may be seen as a generalization of 
[19, p. 385, Remark]: 
Corollary 1.7. Let R be a QF-3” maximal quotient ring. Then R is a QF-3 ring if and 
only if it has both a left and a right dominant module. 
Proof. If R is QF-3, it is known that the left and the right minimal faithful modules are 
dominant (see e.g. [lS] ). Conversely, if R is QF-3” with dominant left and right 
modules, then R-Mod/g and Mod-R/g’ are equivalent to categories of modules so 
that, by [ll, Corollary 71, the duality induced by R between these categories 
(Theorem 1.5) is a Colby-Fuller duality. But then R is QF-3’ by [4, Theorem 3.31 and 
[S, Theorem 23 and hence it is QF-3 by [lo, Corollary 61. 0 
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We have seen that QF-3” (maximal quotient) rings induce Anh-Wiegandt dualities 
between the Grothendieck categories R-Mod/g and Mod-RJ$V. We are going to 
see that this fact can be reversed, i.e., that every Anh-Wiegandt duality between 
Grothendieck categories with reflexive generators can be induced by a QF-3” maxi- 
mal quotient ring. In [23, Theorem 8.21, Morita proved that a ring R is a left QF-3’ left 
maximal quotient ring if and only if R is the endomorphism ring of a generator- 
cogenerator of a Grothendieck category. We are going to give a similar result for 
QF-3” maximal quotient rings. Following [29] we will say that an object U of 
a Grothendieck category d is a self-cogenerator if and only if U cogenerates every 
finitely U-generated object of d and, as in [23], U is a quasi-cogenerator of 
d whenever it injective hull E(U) is a cogenerator of d. We have the following 
lemma: 
Lemma 1.8. Let U be a generator and a self-cogenerator of a Grothendieck category d. 
7Iien U is a quasi-cogenerator of SZZ. 
Proof. Let f: X + Y be a nonzero morphism in &. We must show that there exists 
a morphism g : Y -+ E(U) such that g of # 0. Consider the canonical factorization of 
f, f = v 0 u, where u is an epimorphism and v a monomorphism, and let Z = Imf: 
Since Z # 0, there is a nonzero morphism h : U + 2, which factors as h = s 0 r with 
r an epimorphism and s a monomorphism, and, since U is a self-cogenerator, there 
exists a nonzero morphism t : Im h + U. Composing t with the inclusion u of U in 
E(U) we get by injectivity a morphism g : Y + E(U) such that u 0 t = g 0 v 0 s. There- 
fore, g 0 v is nonzero and so g of is nonzero too. 0 
Thus we get the following extension of [23, Theorem 8.3, Corollary 8.41: 
Proposition 1.9. A ring R is a left QF-3” left maximal quotient ring ifand only ifit is the 
endomorphism ring of a generator-self-cogenerator of a Grothendieck category. 
Proof. By [23, Theorem 8.21, R is a left maximal quotient ring if and only if it is the 
endomorphism ring of a generator U of a Grothendieck category d which is also 
a quasi-cogenerator. Using Lemma 1.8, we only have to show that, with these 
conditions, R is left QF-3” if and only if U is a self-cogenerator. Observe that by [23, 
Theorem 8.21, we have that in this case d is equivalent to the category R-Mod/g. 
Then, if R is left QF-3”, it follows from Lemma 1.2 that every almost finitely generated 
submodule of E( RR) is torsionless, which means that every finitely R-generated object 
of R-Mod19 is R-cogenerated and, by the equivalence between d and R-Mod/g in 
which U corresponds to R, we get that U is a self-cogenerator. Conversely, if U is 
a self-cogenerator, every finitely R-generated object of R-Mod/g is torsionless and 
this clearly implies that every almost finitely generated R-rationally complete (and 
hence every finitely generated) submodule of E(,R) is torsionless. 0 
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Lemma 1.10. Let D : d s d ’ : D’ be a Morita duality in the sense of Anh- Wiegandt 
with a reflexive generator V E 9’. Then DV cogenerates all the objects of 9”. 
Proof. Let X be an object of Y’ and f: Y + X, a nonzero morphism in &‘I. Since Y 
contains a generating set {V;}, of ZZZ’, there is an i E I and a g: Vi + Y such that 
fo g # 0 and, since V,! and X are both reflexive, we have that D’(fo g) = D’g 0 D’f # 0 
(for DD’(f0 g) g fo g # 0). Now, since V is a generator of d, there exists h : V + D’X 
such that D’(fi g)o h # 0. Again, as V and D’V,’ are reflexive, we have that 
0 # D(D’(fog)oh) = DhoDD’(fig): 
Since 0”; is an isomorphism, this implies that (Dh 0 crX)o(fog) # 0. In particular, 
(Dh 0 ax) of # 0, completing the proof. 0 
We are now ready to give our main result connecting QF-3” rings with 
Anh-Wiegandt dualities: 
Theorem 1.11. Let R be a ring and Q = Qkax(R). Then R is QF-3” if and only if the 
Q-dual jiunctors induce a Morita duality in the sense of Anh-Wiegandt between 
R-Mod/C@ and Mod-R/g’, with Q E 9. 
Proof. Necessity. By [19, Lemma 21, if R is QF-3”, Q is a QF-3” maximal quotient 
ring and so the implication follows from Theorem 1.5, bearing in mind that R-Mod/g 
and Mod-R/g’ can be identified with Q-Mod/g and Mod-Q/g’. 
SufJiciency. Q is in this case a reflexive generator in both R-Mod/g and Mod- 
R/9’ so that, by Lemma 1.10, Q cogenerates all the objects of 9 and 9’ and so, in 
particular, Q is a self-cogenerator in both quotient categories. Then, using Proposition 
1.9, we see that Q is a two-sided QF-3” maximal quotient ring so that R is QF-3” by 
[19, Lemma 23. 0 
2. Linear compactness 
We are now going to give a necessary and sufficient condition in terms of left 
R-modules for a left QF-3” ring to become right QF-3”. Not surprisingly, the required 
condition turns out to be a weak form of linear compactness. First, we look at what 
can be said for the R-double dual (-)**: Mod-R + Mod-R without any additional 
condition that of R being left QF-3”. 
Proposition 2.1. Let R be a left QF-3” ring and j: J + RR the inclusion of a finitely 
generated right ideal J in R. Then j** is a monomorphism. 
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Proof. The proof can be adapted from the one given in [ 11, Theorem 111, where it is 
shown that if R is left QF-3’, then j** is a monomorphism. 0 
Recall from [9] that an object X of a Grothendieck category d is said linearly 
compact when, for each inverse system of epimorphisms {pi : X + Xi}r in d, the 
induced morphism l&n pi : X --, l&-i Xi is also an epimorphism. When & = R-Mod, 
this definition reduces to the usual concept of (discrete) linear compactness for 
modules (cf. [9]). 
Theorem 2.2. Let R be a left QF-3” ring. Then R is right QF-3” $ and only if 
Q = Q&_(R) is linearly compact in R-ModJg. 
Proof. Assume that R is left QF-3” and Q = Q&(R) is linearly compact in R- 
Mod/g z Q-Mod/g. By [19, Lemma 21, Q is also a left QF-3” ring and Q c Q&(R). 
If we prove that Q is also right QF-3” then, from [19, Lemma 21, it follows that Q is 
a QF-3” (two-sided) maximal quotient ring and hence, since Q&(R) is by [13, 
Proposition 2.281 a right quotient ring of Q, we see that Q = Qmax(R) is actually 
a two-sided maximal quotient ring of R, so that, again by [19, Lemma 21, R is QF-3”. 
Thus we can assume that R = Q is already a left maximal quotient ring which is 
linearly compact as an object of R-Mod/g. Let then j : J + RR be the inclusion of 
a right ideal J in R. If we write j = 1% ji, where { ji: Ji -+ R,}, are the inclusions in 
R of all the finitely generated right ideals contained in J, we know from Proposi- 
tion 2.1 that jr* is a monomorphism for each i E I. Then, if Ci = Coker j:, we have 
that Hom,(Ci, RR) = 0 and we claim that Hom,(C;,E(,R)) = 0. Assume, on the 
contrary, that there exists a nonzero f E HomR(Ci, E(,R)). Since JT embeds in RR”, 
for some n 2 0, we have that Ci embeds in a finitely generated left R-module X and we 
obtain, by the injectivity of E(,R), a nonzero homomorphism g: X -+ E(,R) such 
that Imf E Im g. Since R is left QF-3”, Im g is torsionless and, hence, so is Imf; 
contradicting the fact that Hom,(Ci, RR) = 0. Thus, we have that Ci E 9 for each i E I 
and so, jr is an epimorphism in R-Mod/g for each i E I. Then, since R is linearly 
compact in R-Mod/g, j* = (l@ ji)* = l&n j: is also an epimorphism in this category 
and, hence, j** is a monomorphism in Mod-R. 
Next, we may proceed exactly as in the proof of [ll, Theorem 1 l] to show 
inductively that, if j: XR + R$ is a monomorphism in Mod-R, then j* is an epimor- 
phism in R-Mod/g. Finally, if we consider a monomorphism j: L + M in Mod-R, 
where M is finitely generated, then, calling p to an epimorphism from some R” to 
M and X = p- ’ (Im j) with inclusion u : XR -+ Rk, we have a commutative diagram in 
Mod-R with exact rows 
O-N-X-L-O 
Iv I” lj 
O-K-R”-M-0 
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in which u is an isomorphism. Applying the R-dual functor (-)* we get in R-Mod/g 
a commutative diagram with exact rows 
O-M*--+ R” -K*-0 
lj' 1"' 1"' 
O-L*----+X*-+N* 
in which, since u* and R” + K* are epimorphisms, as we have just seen, and v* is an 
isomorphism, we obtain, applying the Ker-Coker Lemma, that j* is also an epimor- 
phism. Thus j** is a monomorphism and R is right QF-3” by Theorem 1.1. 
For the converse implication note that if R is a QF-3” ring then Q = Q,,,.JR) is 
a QF-3” maximal quotient ring by [19, Lemma 21 and so, we can again suppose that it 
is a maximal quotient ring. Then, R is a reflexive object of R-Mod/g with respect to 
the right adjoint pair between R-Mod/g and Mod-R/g defined by the R-dual 
functors. Since, by Theorem 1.5, these functors define an Anh-Wiegandt duality in 
which R E 9, the proof of [l 1, Lemma 21 shows that R is linearly compact. 0 
In [26], Ringel and Tachikawa characterized the QF-3 maximal quotient rings as 
the endomorphism rings of linearly compact generator-cogenerators in module cat- 
egories and, in [ll, Corollary 123, a similar characterization has been obtained for 
QF-3’ maximal quotient rings. We extend this result to QF-3” maximal quotient rings. 
Corollary 2.3. A ring R is a QF-3” maximal quotient ring if and only if it is the 
endomorphism ring of a linearly compact generator and self-cogenerator of a Grothen- 
dieck category. 
Proof. If R is a QF-3” maximal quotient ring then, by Proposition 1.9, R is the 
endomorphism ring of a generator-self-cogenerator U of a Grothendieck category 
JZZ which is, in fact, equivalent to R-Mod/g. Since U corresponds to R in this 
equivalence and R is linearly compact in R-Mod/g by Theorem 2.2, we see that U is 
linearly compact. 
Conversely, if U is a linearly compact generator-self-cogenerator of -c9, then 
R = End,(U) is left QF-3” and a left maximal quotient ring by Proposition 1.9 and, 
since we have again an equivalence d z R-Mod/g, we see that R is linearly compact 
in R-Mod/g so that it is a QF-3” maximal quotient ring by Theorem 2.2. 0 
As a consequence of the foregoing results, we can give a criterion for a Grothen- 
dieck category to have a Morita duality in the sense of Anh-Wiegandt with reflexive 
generators with another Grothendieck category. This criterion is similar to the one 
given in [ll, Theorem 111 for Morita dualities in the sense of Colby-Fuller. 
Corollary 2.4. Let d be a Grothendieck category. Then ~2 has an Anh-Wiegandt 
duality with reflexive generators with another Grothendieck category if and only if it has 
a linearly compact generator-self-cogenerator. 
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Proof. Necessity. If d has a Morita duality in the sense of Anh-Wiegandt and V E 9 
and V’ E Y’ are generators, then V and D’V’ are linearly compact by the proof of [ll, 
Lemma 21 (or by [2]). Furthermore, D’V’ cogenerates all the objects of Y by Lemma 
1.10 and so, if we set U = V@ D’v’, we see that U is a linearly compact generator- 
self-cogenerator of d (for all the finitely U-generated objects of & belong to Y, since 
Y is finitely closed). 
Sujiciency. If U is a linearly compact generator-self-cogenerator of ~4, then 
R = End&(U) is a QF-3” maximal quotient ring by Corollary 2.3. Then, using 
Theorem 1.5 or Theorem 1.11, we see that R induces a Morita duality in the sense of 
Anh-Wiegandt between d z R-Mod/a and Mod-R/?Y which has reflexive gener- 
ators. 0 
In [28], Rutter proved that a left or right artinian left QF-3” ring is QF-3. If we 
replace the artinian condition by the DCC on left annihilators, then R is not 
necessarily QF-3, but Masaike [19, Theorem 21 proved that Qmax(R) is a semiprimary 
(two-sided) QF-3 maximal quotient ring. However, the DCC on left annihilators 
cannot be replaced by the ACC as shown, for instance, by the example of a left 
noetherian left QF-3 left maximal quotient ring given in [31, p. 781, which is not 
semiprimary. The following corollary gives a new proof of Masaike’s Theorem and 
shows that we can replace DCC by ACC if we add the linear compactness of 
Q = Q:,,(R) in R-Mod/g. 
Corollary 2.5. The following conditions are equivalent for a ring R: 
(i) R is left QF-3” with DCC on left annihilators. 
(ii) R is left QF-3” with ACC on left annihilators and Q = Q&,,(R) is linearly 
compact in R-Mod/g. 
(iii) R has a semiprimary QF-3 maximal quotient ring. 
Proof. (i) *(ii) Since R is a left QF-3” ring with DCC on left annihilators, Q is an 
aritinian object of R-Mod/g and, hence, it is linearly compact in this category. On the 
other hand, the Teply-Miller Theorem [21] shows that Q is noetherian in R-Mod/g 
and hence that R has ACC on left annihilators. 
(ii) j (iii) By Theorem 2.2, R is QF-3”. Then, since R has DCC on right annihila- 
tors, we see, using again the Teply-Miller Theorem, that R has ACC on right 
annihilators and hence DCC on left annihilators. Then Q is isomorphic to the 
endomorphism ring of an object of finite length of R-Mod/s and so, it is semiprimary. 
Furthermore, E(aQ) and and E(Qa) are projective by [27, Theorem 11. Then Q is 
a QF-3’ ring and, since it is perfect, both R-Mod/g g Q-Mod/g and Mod- 
R/9‘ E Mod-Q/B’ are equivalent to module categories (for Q has both a left and 
a right dominant module). Then Q is QF-3 by [lo, Corollary 61. 
(iii) 3 (i) By [19, Lemma 23, R is left QF-3”. Furthermore, by a result due to Colby 
and Rutter (cf. [31, Lemma 7.6]), the minimal faithful right Q-module is C-injective 
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and this, as it is well known, implies that Q has ACC on right annihilators (cf. [7]) and 
hence DCC on left annihilators. Thus, R has DCC on left annihilators. 0 
As a consequence, we get a characterization of when the maximal quotient ring is QF. 
Corollary 2.6. Let R be a ring and Q = QL,,(R). Then the following conditions are 
equivalent: 
(i) R is left QF-3” with DCC on left annihilators and Q is left (or right) Kasch. 
(ii) R is lef QF-3” with ACC on left annihilators and Q is a lef linearly compact lefi 
Kasch ring. 
(iii) R has a QF maximal quotient ring. 
Proof. If Q is left Kasch, then $8 is perfect [30, Proposition X1.5.21 and R-Mod/9 is 
equivalent to Q-Mod, so that (i) and (ii) are equivalent by Corollary 2.5. Further, 
assuming (i) we see that, since Q is artinian in R-Mod/S@, Q is also a left artinian ring 
and Q is QF-3 by Corollary 2.5. As in the proof of Corollary 1.6 we see that Q is left 
(and right) self-injective and hence QF, so that (i) *(iii) (note that if R is right Kasch 
the result follows by symmetry). Finally, if (iii) holds, then R is left QF-3” and has 
DCC on left annihilators by Corollary 2.5. But R is obviously a Kasch ring, so that we 
have that (iii) implies (i). 0 
In the situation described in Corollary 2.5, the category R-Mod/9 (resp. Mod- 
R/9’) is equivalent to a category of modules over a left (resp. right) artinian ring with 
a left (resp. right) Morita duality. We can give the following characterization of the 
Grothendieck categories that have this property: 
Corollary 2.7. Let XJ be a Grothendieck category. Then the following conditions are 
equivalent: 
(i) & has a linearly compact noetherian generator-self-cogenerator. 
(ii) d is equivalent to the category R-Mod for some left artinian ring R with a left 
Morita duality. 
Proof. (ii) * (i) is clear, so that we prove (i) * (ii). Let U be a generator-self-cogener- 
ator satisfying the condition given in (i) and let R = End,(U). By Corollary 2.3, R is 
a QF-3” maximal quotient ring and we also have that d E R-Mod/9 with U corres- 
ponding to R in this equivalence. Since U is noetherian, we have that R is a noetherian 
object in R-Mod/S and this means that the ring R has the ACC on left annihilators. 
By Corollary 2.5, R is then a semiprimary QF-3 ring. Then, if Re and fR are the 
minimal faithful left and right ideals of R, respectively, it is shown in [4, p. 5501 that 
R-Mod/9 gJRf_Mod and, it is known [31, Lemma 7.6, Theorem 5.11 that fRf is 
a left artinian ring having a left Morita duality with eRe. 0 
We are going to apply our results to rings with ACC or DCC on essential left ideals. 
The motivation of this comes from the fact that, by results of Armendariz [3] and 
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Dung, Huynh and Wisbauer [6], a left self-injective ring with either ACC or DCC on 
essential left or right ideals is QF. We are going to see that we can get a similar result 
for QF-3” maximal quotient rings. Of course, we cannot hope to prove that a left 
QF-3” left maximal quotient ring with ACC on essential left ideals is left artinian for, 
as Ringel and Tachikawa have shown, there exists a left QF-3 left maximal quotient 
ring which is left noetherian but not left artinian [31, p. 781. However, exploiting the 
fact that a QF-3” maximal quotient ring is linearly compact in R-Mod/g, we may 
prove the following theorem: 
Theorem 2.8. Let R be a QF-3” maximal quotient ring with ACC or DCC on essential 
left ideals. Then R is a left artinian QF-3 ring. 
Proof. We claim that R is finite-dimensional. If {Xi}l is an independent family of left 
ideals of R and we call T: R-Mod ---f R-Mod/g to the localization functor which 
assigns to each left R-module its R-rational completion, we have that 
T(@,Xi) E @IT(Xi) since T, being a left adjoint, preserves coproducts and, as R is 
R-rationally complete, @I T(Xi) is, in fact, a subobject of R in R-Mod/g. Now, R is 
linearly compact in R-Mod/9 by Theorem 2.2 and, since subobjects of linearly 
compact objects are linearly compact, we see that @I T(Xi) is linearly compact. 
Consider then the inverse system of epimorphisms in R-Mod/L@ given by the canoni- 
cal projections pF: @I T(Xi) + OF T(Xi), w h ere F G I ranges over the finite subsets 
of I. Taking inverse limits in R-Mod/g we see, by the linear compactness of 
@I T(Xi), that th e canonical morphism @I T(X,) + nl T(X,) is an isomorphism. 
Therefore, if S : R-Mod/9 + R-Mod denotes the right adjoint functor of T (which can 
be identified with the inclusion functor if we think of R-Mod/9 as the full subcategory 
of R-Mod consisting of all R-rationally complete modules), we see that nlST(Xi) E 
S(nI T(Xi)) g S (@I T(Xi)) G RR. 
Further 0, Xi is an essential (in fact dense) submodule of its R-rational completion 
and ST(@, Xi) z S(oI T(X,)) z nI ST(Xi). Thus this R-rational completion con- 
tains a left ideal J which is isomorphic to nrXi and such that @r Xi is essential in J. 
Then, if I is infinite, we may assume without loss of generality that I = N is countable. 
Taking a pseudocomplement RY of J in RR, we have that J@ Y is essential in RR. 
Now, if {pI, p2,. . . , pn,. . . } is the set of all prime numbers in IV and, identifying 
J with nIXi, we set M, = {(Xi) E fll Xi1 Xi = 0 f or almost all i such that pj divides 
iforallj=l,..., n}, we obtain a strict ascending chain. 
0rxi~;M,~M,~“‘~:M,5”‘~; 
in which, since @r Xi is essential in J, so is each M,. But then {M, @ Y}, is a strict 
ascending chain of essential left ideals, which gives a contradiction in case R has ACC 
on essential left ideals. If we assume that R has DCC on essential left ideals, we reach 
a contradiction in an analogous way by setting N, = {(Xi) E n1 Xi 1 xi = 0 for almost 
all i such that pj divides i for some j = 1,. . . , n}. 
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This proves that R is left finite-dimensional and, as it is well known, this, together 
with the ACC (resp. DCC) on essential left ideals implies that R is left noetherian (resp. 
left artinian) (cf. [3, Proposition 1.11 and [6, Lemma 21). If R is left noetherian, then it 
has DCC on right annihilators and, by Corollary 2.5, R is semiprimary, so that R is, in 
any case, left artinian. Finally, it is well known that R is then QF-3. 0 
Remarks, Observe that the rings which satisfy the hypotheses of Theorem 2.8 are not 
necessarily QF, so that the result cannot be deduced from [3] or [6]. A simple 
example is provided by the ring R = End&Z2 @&), which is an artinian QF-3 
maximal quotient ring but is not QF. Note also that the condition of R being 
a maximal quotient ring cannot be dropped from the preceding theorem, for Z is 
a noetherian QF-3” ring which is not artinian. Finally, we remark that a QF-3” 
maximal quotient ring is not necessarily QF-3. To see this it is enough to consider any 
Von Neumann regular (left and right) self-injective ring which is not semisimple, for 
example, any infinite product of fields. 
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